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Abstract 

In this paper we study the complex representations of reductive groups over 
local non-Archimedean helds. We use the building of the reductive group to 
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give upper-bounds for the absolute value of the character of an admissible 
representation and for the Weyl integration formula for certain regular ele¬ 
ments. The upper-bound for the character of a representation is based on the 
alternative description, depending on the building, of the character as given 
by R. Meyer and M. Solleveld |MS12] . Once the character and the Weyl 
integration formula are related to the building, the upper-bounds will follow 
from a similar argument. Both upper-bounds generalize the upper-bounds 
given by Harish-Chandra [HCTO] to groups dehned over helds of positive 
characteristic. At last following Harish-Chandra’s method we combine both 
upper-bounds to show that for a maximal torus T containing a maximal split 
torus the character is locally summable on {gtg~^ : g ^ G,t ^T}. 

1 Introduction 

Let F be a non-Archimedean local held with characteristic p and residue held 
of order q. Let G be a reductive group over F. Let vr be a complex admissible 
representation of G. Let 6 be the character of the representation vr. 

Conjecture 1. 6 is locally integrable on G. 

In the case that F has characteristic 0 this conjecture has been proven 
by Harish-Chandra, see [HC99j . He transports the problem to the Lie alge¬ 
bra with the exponential map. On the Lie algebra he shows that the 6 can 
locally be written as a linear combination of Fourier transforms of nilpotent 
orbital integrals. Since the Fourier transforms of nilpotent orbital integrals 
are locally summable that completes the proof. Up to and including the 
moment of writing this paper the author is not aware of a proof of the con¬ 
jecture for general F and G. There has been made progress on proving the 
conjecture in two directions. It has been shown that the conjecture is true 
for particular groups, e.g. SLn |Lem96j and GL^ |Lem051 [Rod85j . Also for 
every group G dehned over Z there is an N such that if p > A^, then the 
conjecture holds |CGH14j . In both [Rod85j and |CGH14] one more or less 
generalizes the proof given by Harish-Chandra to helds of positive charac¬ 
teristic. One follows the proof of Harish-Chandra to show that the trace is 
a linear combination of Fourier transforms of nilpotent orbital integrals, to 
prove the conjecture when the characteristic is large enough. For each step 
in the proof one tries to generalize this step to positive characteristic and/or 
keep track of the assumptions made, see for example [DeB02aj . That the 
nilpotent distributions are locally summable in large positive characteristic 
is shown by motivic integration in [CGH14j . Here one shows that 9 is locally 
summable in characteristic 0 if and only if it is locally summable for all large 
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Let g & G he semi-simple. Define D{g) to be the Harish-Chandra D- 
function: Let T be a maximal torus containing g. Define 
^{ 9 ) naGK(GT)(®(5') “ where R{G,T) is the root system of T and G. 

Let X{g) be such that = \D{g)\. 

If TT is a cuspidal representation Harish-Chandra proves (in characteristic 
0) that 6 is locally summable in an other way, see |HC70j . His proof consists 
of four steps: 

1. For every g E G there exist a compact neighborhood a; of a C G M>o 
and n G N such that for all 7 G cn 


l^(7)l<^^|A(7)ni)(7)l 


2. For all e > 0 



3. For every / G G^(G) there exists a C G M>o such that for all regular 


t G T 



G/T 


4. For small e > 0 the function |A(f)|"'|D(t)| is locally summable on T. 

The local summability of the character on G follows from these four state¬ 
ments, because, when the characteristic is 0 , there are only hnitely many 
conjugacy classes of maximal F-tori: 



( 1 ) 


In this paper we give similar estimates as in statements 1 and 3 in the 
case that 7 G Zg{S), and we prove statement 2 and 4. The advantage of our 
method is that it also works in positive characteristic. To be more precise 
we will proof the following: 
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Theorem 2. For all maximal tori T of G: 


1. For all e > 0 


\D{x)\ 2 ’^f{x)dx 


= \Ng{T)/T\-^ [ \D{t)\ [ \D{t)\--^-^figtg-^)dgdt 


Jt Jg/t 


2. For small e > 0 the function sd{t)'^\D{t)\~'^ is locally summable on T. 
Let S be a maximal ¥-split torus and $ the roots of S and G. 

3. For every g E G there exist a compact neighborhood uj of g, a G E M>o 
and n E N such that for all ■y E u D ^Zg{S) 


\e{^)\<G{hmsd{^)r\D{^)\-^ 


If moreover T C Zg{S), then 

4- For every f E Gf°{G) there exists a G E M>o such that for all regular 


t E T 



G/T 


Here sd{'y) denotes the singular depth of 7 , which measures how singular 

7 is. 

The hrst statement follows directly from the Weyl integration formula. 
This formula is well-known if char F = 0, but the author could not hnd a 
good reference for the general case. Therefore a proof of the Weyl integration 
formula is added to this paper in the appendix. 

As the calculation m shows, we get the following Theorem as conse¬ 
quence. 

Theorem 3. Let {p, V) be a G-representation of finite length with character 
9 and f E G^{G), then for every torus T containing a maximal ¥-split torus: 
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Assume that 7 G Zg{S) is compact. We use an alternative description of 
the character, which uses the reduced Bruhat-Tits building of the reductive 
group G, given by Meyer and Solleveld in [MSlOj and |MS12j . for the local 
upper-bound of the character. The non-compact case is deduced from the 
compact case via Casselman’s method and the displacement function. For 
the upper-bound of the Weyl integral f{919~^)dg we use the extended 
and the reduced buildings. Both estimates are related to the hxed points of 
7 in a reduced building. 

After giving a dehnition and notation for the extended and reduced build¬ 
ing, we study the distribution of y-hxed points in the reduced building. Then 
we give an upper-bound for the trace of a representation with hnite level. 
After that section we give an upper-bound for f{gtg~^)dg. In the last 
section we combine both upper-bounds to a proof of the local summability 
of 9 on {gtg~^ : g E G,t E T}. 

Most of the Lemma’s and Theorems about the hxed points in the building 
and the relation between the Weyl integral and the hxed points are inspired 
by examples such as S'L 2 (F) and GL 3 (F). 

2 Notations 

Let F be a local non-archimedean held with valuation n : F’^ —)■ M, ring of 
integers O and uniformizer tt. Dehne q to be the order of the residue held of 
F. Let p be the characteristic of F. Let k be an algebraic closure of F. 

Q, S, T,U are linear algebraic groups over F and G, S, T, U are the F-points 
of these groups respectively. The Lie algebra of a group G is denoted by g. 
^ is a connected reductive group and T is a maximal torus in Q. 

Let Z = Z(G) be the center of G and Z(G)^ the identity component of 
Z. 

Let S' be a maximal F-split torus of G. 

Let S'a := S' n Z(G)°, the maximal F-split torus in Z{G). 

The Weyl group of S is denoted hy W := Ng{S)/Zg{S). 

For u C G, dehne := {gwg~^ : w E u,g E G}. 

The root system of (G, S') is denoted by <h. Let be a system of positive 
roots and A the simple roots of <h^. Dehne on the height function 
ht : —)■ N as usual: 

ht{a) =1 a E A 

ht{a + (^) = ht{a) + ht{(3) a,/3,a + PE^~^ 

Let := maxQg,j,+ ht{a). Dehne := and U~ := Yia^^-Ua- 
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Let 7 be a regular semi-simple element. Let E be a field extension of 
F such that T := Zg{'^) is E-split. Extend the valuation n of F to E. Let 
<h ;= R{G, T). Define the singular depth of 7 as follows: 

sd{'j) := maxn(a(t) — 1). 

3 The extended and the reduced building 

In this section we give a construction of the reduced and the extended build¬ 
ing. 

For any reductive p-adic group Bruhat and Tits constructed a reduced and 
an extended building in |BT721 IBT84^ ITit79] . We use the notation of |MS12] . 
The construction of the building goes as follows: 

1. we construct the standard apartment: a vector space A with a Ng{S)- 
action 

2. we define for each vector x G A a subgroup Ux < G 

3. the building will be B{G) := Gx A/ ~ where ~ is a equivalence relation 
defined by: 

{9,x) {h, p) 77 3n G Ng{S) [nx = y and g ^hn G t4]. 

Let Ae := X^{S) R and A^ := (W(S')/X*(S'a)) <8)z 1^- 
Define v : Zg{S) —)■ X*(S') M by: 


for all X G X*{Zg{S)). 

Let G Zg{S) act on Ag by x i- 7 > x - 1 - v{z). 

This action can now be extended to Ng{S), v : Ng{S) —)■ Aff(Ae). 

The standard apartment of the extended building is Ag and A^ is the 
standard apartment of the reduced building. 

Define the linear map (/>: Ag ^ A^ by extending the map X^{S) —)■ X*(S')/X*(S'a). 
So 0 is surjective. 

The action of Ng{S) on Ae gives an action on A^ via (p: 

ncj){x) := (j){nx), for x G Ag, n G Ng{S). 

For a G <h, X G Aa and y G Ag, define 

«(l/) := (a, I/), 

a{x) := a{z), 
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where 2 ; is any element in 0 ^(x). 


Now we continue by defining the subgroups Ux- 
Following |Tit79] we construct subgroups Ua,r for a e $ and r e M. Let 
be the reflection associated to a. Let u G La — {!}, then 

n Ng{S) = {m{u)}. 

Define r{u) = v{m{u)). The affine action r{u) is an affine refiection whose 
vector part is Let a{a,u) denote the affine function on whose vector 
part is a and whose vanishing hyper-plane is the fixed point set of r{u). We 
define 

Ua,r '.= {u E Ua \ u = 1 OT a{a, u) > a + r}. 

In |MS121 §3] a more concrete description of the groups Ua,r is given: 

Let E be a field extension of F such that Q is E-split. Extend the valuation 
n of F to E. Let T be a maximal E-split torus that contains S. Define 
$ 7 - := R{Q,T). Choose a Chevalley basis on 0 , the Lie algebra of Q. Such 
a basis gives rise to an isomorphism : E —)■ W/ 3 (E) for all (3 G <Fr- Define 
L^,r := 00)) for (3 G <hr- Let p : $ 7 —?■ $ be the surjection defined by 

restriction of the character of T to iS. For a G and r G M define 

Ua,r := Lq, n I X L^, 2 r | , 

\l3Gp-^(a) /3ep-l(2o) J 

U2a,r • U2a C Uq^^x/2- 

Now Ux, for x G Aq or x G Ag, is the subgroup generated by lJaG$ 

As announced BaiG) := G x A^/ ~ and Be{G) := G x Ag/ 

The equivalence relation ~ for Ba{G) and Be{G) is: 

{9,x) rsj (h, y) iff there is a n G Ng{S) such that nx = y and g ^hn G Ux- 

If D C A(j or D C Ae we define 

/n : $MU{cx)}, fn{a) := sup {x,-a) . 

This gives rise to the following subgroups of G: 

Un := the subgroup generated by Uaj^ia), 

Qt^^red 

Nq := {n G Ng{S) \ nx = x for all x G D}, 

Pn := NnUn = UnNn- 
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The group Pq is the point-wise stabilizer of hi. 

If we drop G from the notation of the building it should be clear from the 
context for which group G the building is: so Ba = BaiG) and Be = Be{G). 

Now we extend 0 : Ag ^ to a function Be —)■ Ba which we also denote 
by 0. So (f>{g,x) = {g,(f){x)). The function 0 is G-invariant and surjective. 

Let Y := X*(S'a) 0 M = X*(Z(G)) (8) R. Dehne vry and to be the 
projections from Aq © y to y and A^ respectively. Now we have a bijection 
n : Ag ^ Aa © y, such that 0 = vTAeLl. For x G A^ and y E Y we have 
X (By E Aa(BY. We write {x, y) := (By) or x + y = n“^(a; © y). 

For a G <F dehne Ua to be the smallest r G R'*' such that Ua,r 7^ Ua,r+- 
For r G R dehne the a-ceiling as: [rjc^ := min{z G | z > r}. Let A be 
equal to Ag or A^. The affine hyperplanes 

Aa,k := {x G A I {x, a) = k} for a G $ and k E ricZ 

turn Aq into a polysimplicial complex. An element x G A^ is a vertex if 
it is the only element of an intersection of such affine hyperplanes. The 
polysimplicial vertices in Ag are (dim Z(G))-dimensional hyperplanes. We 
call x G Ag a vertex if it is an element of a polysimplicial vertex of Ag. An 
element x G Ag is a vertex if and only if 0(x) is a vertex. 

For each VL <Z Ba that is contained in an apartment and each e G R>o 
Schneider and Stuhler dehned a group in |SS97j . This group has the 
following properties. 

For a point x, a polysimplex a and a general subset hi of a apartment, the 
following hold: 

1. Uq is open if hi is bounded. 

2. is compact and normal in Pq. 

3. if e G Z>o and x is in the interior of a, then f/® = f/®. 

4. Uq (ZUq whenever e> e'. 

5. t/® for e G M form a neighborhood basis of 1 in G. 


This is a part of |MS121 Theorem 5.5]. 

By dehnition a smooth representation has level greater or equal to e G R>o 

it t" = 






Define the bilinear symmetric form ( , ) on as follows: 

{v,w) = a{v)a{w). 

a£R+ 

This form is hT-invariant, since s^R'^ = R'^ — aU {—a} for all a G A. Let 
be the dnal basis of A in A^. Let n G A^ — {0}. If n = Cq.vQ''^ 

with Cqv > 0, then {v,v) > 0. Because the form is hL-invariant, it is positive 
dehnite. Thus ( , ) is a IT-invariant positive dehnite symmetric bilinear form. 

Choose on Ae = Aa©y a IT-invariant inner product, such that restricted 
to A(j it is equal to ( , ) and A^ T Y. Such an inner product exists, because 
A(j and Y are IT-invariant subspaces. This inner product gives rise to a 
G-invariant metric d on Bg. Since A^ T D one has 

d{x + y,x' + y') = {d{x, x'f + d{y, y'f)^. 

4 7 -fixed points and D{'^) 

An element g ^ Gis called compact if and only if it is contained is a subgroup 
K that is compact modulo Z{G). 

This section gives a proof of the following Theorem. 

Theorem 4. Let x,y E Aa and 7 G Zg{S) be regular and compact, then 

: u G n Py I '-yux = ux} < |D( 7 )| 2 . 

In the proof of Theorem 0] we need Lemma [9l Besides some standard 
facts the proof of Theorem 0] uses only this Lemma, which is trivial when G 
is F-split. The main part of this section is dedicated to the proof of Lemma 01 

First we will discuss some consequences of the following Theorem. 

Dehne Qa ■= {k, +) and Ga ■= Ga(^)- 

Theorem 5. Let Q be a F-split solvable group, T be a maximal ¥ -torus of Q 
and Qu the unipotent radical of Q. 

(a) There exists a ¥-isomorphism of varieties ip '■ Qu ^ Qa '0(e) = 0 
and a rational representation p of T in defined over F such that 
ip{tgt~^) = p{t)'ip{g) for all g E Q and t E T. 

(b) For x,y E Qf we have ip{ip~^{x)'ip~^{y)) = x + y + J2i>2 2/); where 

Fi : Qf X Q2 ^ Ga *'5 0 , polynomial map of degree i. 
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(c) The weights ofT for p are the weights ofT in q. 

Proof. See Proposition 14.3.11 in |Spr98| . □ 

Corollary 6. Let S be a ¥-split torus, lA he an ¥-split unipotent group with 
an algebraic action of S. Let n = dimW. Assume that a G X*{S) is the only 
weight for S on \x and that a is non-trivial. Then there is a ¥-isomorphism 
if between the groups U and such that xIj{sus~^) = a{s)'ilj{u) for all s ^ S. 

Proof. Apply Theorem [5] to Q = S t<lA. 

Let Ip \ lA ^ he a.n F-isomorphism as in Theorem [5l Then 

= xPy + ^Fi{x,y), 

i>2 

where Fi{x, y) : Gf x ^ G'f is a polynomial map of degree i. 

The weights of S for p are the weights of S in g. 

Since the only weight of iS in u is a, the weight of S for p is a. Therefore 
p(s) = a(s) for all s G 5. Also 

'ip{s'ip~^{x)'ip~^{y)s~^) = p{s){x Py + Yl Fi{x, y)) 

i>2 

^p{s 1 p~^{x)s~^s^p~^{y)s~^) = i>{i>~^{p{s)x)fj~\p{s)y)) 

= p{s)x + p{s)y + Fi{p{s)x, p{s)y). 

i>2 

Since im{p) = and k is inhnite, x y + J2i>2^ii^yy) ^ homogeneous 
polynomial map of degree 1. Therefore 'ip{'ip~^{x)'ip~^{y)) = x + y. So is a 
group homomorphism between lA and Qf. □ 

Lemma 7. Let S be a maximal ¥-split torus of the reductive group Q. Let 
T C Zg(S) be a maximal ¥-torus, a G R{Q,S) andlAa the unipotent group 
for a. There are group isomorphisms fji : lAallA 2 a —t GPf" and ip 2 '■ Ll 2 a —t Gf 
such that for all r >0: 

(a) fJi{Ua,r/U 2 a,r) is an O-lattice in Ua/U 2 a, 

(b) 'ip 2 {U 2 a,r) is an O-lattice in Ua, 

(c) The conjugation action of T on lAallA 2 a (resp. lA 2 a) gives rise to a 
rational linear action Pi (resp. P 2 ) ofT onf)iifAallA 2 a) (resp. 'ip 2 {lA 2 a))- 
Moreover the weights ofT for pi (resp. P 2 ) are the weights ofT in 

UQ/U2a) (resp. U2a)- 
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Proof. We will only consider the case with ifi : lAaltl 2 a, 2 r The proof 

with '02 goes analogously. 

Let E be a hnite held extension of F such that T is E-split. The group Ua 
is stable under conjugation with T, since T C Zg{S). Dehne 05 : lAalU 2 a —t 
to be a F-group isomorphism as in Corollary El Let {01,..., 0^} he 
the subset of the roots of G relative to T such that 0j|5 = a. Dehne 
0r : UalU 2 a -t Gff by its inverse: 00^(a;i, ..., Xm) ■= ]\T=i u^Axi) mod U 2 a 
where the Ga are chosen in such a way that 

m 

Ua,r/U2a,r ■= [W^jiAXi) mod U2a ■ v{Xi) > r} fl Ua/U2a- 

i=l 

The map 0500^ : Gf" G]A is an E-group isomorphism. Because 0500^ 
preserves the action of S, it is also an E-linear map. Therefore there is 
a F-structure on G'A (i^r fhe sense of vector spaces) such that ipT is an F- 
isomorphism between ^"(F) and 10 ,. The group /U 2 a,r{^)) is an 

C>E-lattice. So 


MUa,r/U2a,r) = (0r(E)/Daa,.(E)) C ^10(F) 
is an O-lattice. 

The rank of the O-lattice is m: 

For all X G E, 0j and r G M one has 

Mft(x) G ^ UfiA-Xx) G Dft,r+1. 

Since multiplication with tt respects the F-structure on ^0(F) one has 
\Ua,rU2a/U2a ■ Ua,r+lU2a/U2a\ Q ■> 

where I is the rank of the O-lattice 0 i(Da,r/ 02 a)- 

For all Ai one has UreM^ftx ~ whenever s <r. There¬ 
fore also IJrGR = Ua/U 2 a- Because the rank of Ua,r is the same 

for all r G M one has that the rank of Ua,r is m. 

By construction of At fhe weights of pi are the same as the weights of the 
conjugation action of T on UQ,/u 2 a. □ 

Lemma 8. Let L' < L be O-lattices in F*^ (of rank n) and M G GL„(F) 
such that ML' < L' and ML < L. Let u G L, then 

if {I G L/L' :Ml + veL'}<\ det M\-\ 
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Proof. We may assume that there exists at least one I G LjL' such that 
Ml + u G L'. Take n G N such that L < 'k~^L'. Then 

#{/ G L/L' ■. Ml+ veL'} = #{/ G L/L' : Ml G L'} 

< ^{l e : Ml G L'}. 

We will now estimate the last number. 

Take a basis for L'. 

Let D be the Smith-normal form of M with respect to L', i.e. there are 
P,Q ^ GL{L') such that PMQ = D and D is a diagonal form. Then 

#{/ G : Ml G L'} = #{/ G : Dl G L'} 

< I det = I det M|“h 

The inequality follows from the fact that for all c G F^, the number of 
a G O such that ca = 0 mod vr” is bounded by = |c|“^. □ 

For g, r G M, dehne expq{r) := . Recall that T is a maximal torus of G 

containing a maximal split torus S. 

Lemma 9. Let t E T be compact. 

Let r, s G M and r < s. 

Let V be a set of representatives for the cosets of U 2 a,s in f^ 2 a,r- and U be a 
set of representatives for the cosets of Ua,sU 2 a,r in Ua^r- 

(a) {uv : u E U, V E V} is a set of representatives for the cosets of Ua,s in 
Ua,r ■ 

(b) Forw,w' E Lfa,r one has 

#{(M,n) EU xV \ w'[{uv)~^ ,t]w E Ua,s} < expq I ^ ^{^{t) - 1) 

\/9Gp“i{a,2a} 

Proof. Dehne fj '.Lfa ^ Ua/U 2 a to be the quotient map. 

We hrst prove the following: 

#{n G U I ip{w'[u~^,t]w) E ip{Ua,s)} < expq 

\/3Gp-l(a) 




The set 'ijj{Ua^s) is an (9-lattice and 'ip{u) i-^ ipllujt]) is a linear action on the 
lattice. Since this action has determinant n/ 3 Gp-i(o)(/^(^) “ inequality 
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follows from Lemma [HI 


Now we prove that for every u ^ U: 

#{v ev \w'[{{uv)~^,t]w eUa,s} <expq i ^ v{/3(t) - 1) 

\l3ep-^{2a) 

We may assume that 'ijj{w'[u~^,t]w) G '4>{Ua,s)- 
So w'[u~^, t]w = Uav' with Ua G Ua,s and v' G U 2 a- Since U 2 a is in the center 
of Ua and stable under conjugation with t, one has 

w'[{uv)~^, t]w = w'[u~^, t]w[v~^, t] = UaV'[v~^, t]. 

The latter is in Ua,s if and only if v'[v~^,t] ^ U 2 a,s- So 

{V eV \ W'[{{uv)~^,t]u’ e Ua,s} = {V eV \ V'[v~^,t] ^ U2a,s}- 

One gets the upper-bound for the number of n’s in the last set in the same 
way as in the case with U. 

Combining both upper-bounds results in the upper-bound of the Lemma. □ 

Proof of Theorem [2[ Since 7 is compact, it fixes pointwise. 

Let = {ai, ..., ak} be the positive roots associated with U~^. Write u G 
f/+ n Fy as M = nLi Now ^ux = ux if and only if y]^, G Uai-ai{x) 
for all i. We will count the number of fixed points in the orbit of x under 

F+ n Py. 

Let Ra be a set of representatives of the cosets Uy_a{y)/Ux-a{x) for each 
a G 

We use the following bijection between nae 4 >+ ^ }• 



Let V G F+. 

CLAIM: The number of n /3 G such that there is a n with 

Ua = Va for the roots a with ht{a) < ht{( 3 ), up = vp and ynx = ux is 

bounded by expq (E^ep-yfe),/3Gp-i(26) “ !))• 

Ifynx = ux^ then [■u~^,7]/3 G F^,-/3(x)- Now [^“^,7]^ = yjto', where 

w,w' G Up only depend on the Ua with ht{a) < ht{( 3 ). Hence by Lemma [H] 

the number of VpS is bounded by expq (5H/3ep-i(/3), /3ep-i(2/3) “ 1 ) j • 
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The claim allows us to prove with induction on the height of the roots 
that 

|{«e n Ra I 'yux = ux}\ < expg 

oe$+ y/3ep~i(2$+),/3ep“i(4>+) 

Since T/S is compact, v{a{t) — 1) > 0 for all a G R{G,T) with a |5 = 0. 
Thus 

\{ux : u G f/"*" n Py I 'yux = ux}\ = |{m G Ra \ jux = ux}\ 



< expq 


VW) 

V /3ep“i(2<i>+),/3ep“i(4>+) 


1) < |D(7)|-^ 


So {ux : u G n Py I 'yux 


ux} has at most |-D(7)| 2 points. 


□ 


5 An upper-bound for the character 

The hrst part of this section up to and including Theorem [12] is essentially 
in pU^ and pUST^ . 

Let (p, V) be an admissible G-representation of level e. 

For a open compact subgroup iF of G we denote Ik for the indicator function 
of iF in G and (iF) := 

Let B be the reduced building of G and A be the standard apartment of S 
in B. Dehne 0 to be the origin of A. For a hnite subcomplex S C i? and 
g E G dehne 


ui := m) . 

cr€S 

where is the set of p-stable polysimplices in S and e^ig) is 1 if p preserves 
the orientation of a and —1 otherwise. For r G M dehne 


A“+ 

= {x G A 

a{x) > r}, 

Af 

= {x e A 

a{x) E [— r, r]}, 

A“- 

= {x E A 

a{x) < —r}. 
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For any map e : <F —)■ {+, 0, —} we write 

:= fl 

Let be the union of the bounded A^. Dehne := PoA^. 

Lemma 10. IMSl^ Lemma 8.2] Let r G Z>e and let H G B be any finite 
convex subcomplex that contains Br-e- Then 

Take r such that A^ C A^o. For n G N>i, then C A^o’’. Dehne 
Cn := PoA^S’' = B^o\ Now is a hnite Po"invariant convex subcomplex 
containing P„. 

For S C P dehne S*’ := {n G S | n is a vertex of P}. 

Theorem 11. For each f G P^(Po) and finite Po -invariant convex subcom¬ 
plex So such that im f G 

tr{f,V)= [ f{g)TEo{g)dg. 

JPo 

Proof. See the proofs in [MSlOt Theorem 2.4 and Proposition 4.1]. □ 

Theorem 12. If'y E Zg{S) is regular semi-simple, then 

(a) tr is constant on ^ 

(b) for all S C Pa, ts is constant on ^^ 

Proof. See the proof of |MS12l Theorem 7.2]. □ 

Corollary 13. Let 7 G Pq and r > ht{^)sd{'y), then 

trp{,-f,V) = rc,_,(7)- 

Proof. Since ■y E Pq and Uq<Po, the endomorphisms p{y) and p{{Uq)) com¬ 
mute. Thus im p{y (Uq)) G V^o. There exists a hnite convex subcomplex S 
containing P^-e such that (Pq) u^V = because Pq is an open compact 
group and V admissible. So by Lemma fTOl {Uq) u%^_V = V^o, Since Br-e 
is PQ-invariant, the space u'fi^_V is PQ-invariant. Thus V^o c Usr-e^- Now 
Cr-e is convex and contains Br-e, so the requirements in Theorem [TT] are 
fulhlled for / = 7 (Pq) and Sq = Cr-e- Therefore by Theorem [12] 

tr( 7 , V) = tr (7 {UQ V) = ^ [ TCr-fiyg)dg = TCr-fil) □ 

voiioqJ Jjjv 
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Lemma 14. Let h E Px- There exists a C such that for all g G hU^ and all 
simplices a E : 

\tr(p(g),V'^:)\<C. 

Proof. Denote Z{G) with Z. Let N be the order of the quotient group 
Px/{ZU^). Take z E Z and k E such that = zk. Define k' := z~^, 

then k' E and g^ = zk'. 

Since g and z fix a, so does k'. Hence k' is in t/°nPo-- Let m := diniH^'^. 
Choose on a basis such that p{z) and p{g) are upper triangular matrices. 
Now also p{k') is an upper triangular matrix. Let Ai,...,Am 

and 1 ^ 1 ,..., z/m be the entries on the diagonal of the matrices p(fi'), p{z) and 
p(/c'), respectively. Define c(z,a) := Y^=i |Ai|^. Since k' is contained in a 
compact subgroup acting on \i'i\ = 1. Thus = |Air'll = |Ai|. Hence 

\tr{p{9),v"’)\ <y:t.,\>-P = 

Because 2 ; is in the center of G, for all a and a' in the same G-orbit, 
c{z, a) = c(z, a'). (The eigenvalues and their multiplicity for p(z) on and 
are the same.) Since there are only finitely many G-orbits of simplices 
in B, there is a G^ such that c(z, a) < G^ for all simplices a E B. Thus 
\tr{p{g), < G, for all a E BL □ 

Recall that for regular semi-simple elements 7 , 

D{l) ■■= n - !)• 

a&R{G,ZG{l)) 

Define n := diniAa. 

Proposition 15. Let g E Px- There exists a G G M depending only on the 
affine building of G, the element g and the representation {p,V), such that 
for all semi-simple regular 7 G '^Zq{S) fl gUf.: 

|tr(7, H)| < G(ht($)5d(7) + l)lD(7)rP 

Proof. Take a G M depending on the affine building such that for each 
r G N the number of simplices in G^ H A is bounded by Cbr"'. 

Let h G G be such that 7 G ZG{hSh~f. Combining Theorem [12] and 
Corollary fldl results in tr( 7 , V) = 'rhCht(<s>)sd(^)i'l)- "Lhe number of simplices in 
hGht{<s>)sd{'y)T\hA is bounded by Cb{ht{^)sd{'j) + 1)"‘. By TheoremjUthe number 
of 7 -hxed simplices in hGht{<s>)sd('y) is bounded by Cb(/zt(<h)sd( 7 )-|-l)"'|D( 7 )|“^. 
By Lemma HH |tr(p( 7 ), V^^)\ < G for all 7 G gU^ and a E B"'. Thus 

tr(7, V) = (a) = 

<Gct{ht{<!>)sd{^) + ir\D{-f)\-p □ 
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Now we have an upper-bound for the trace of the compact regular ele¬ 
ments in Zg{S) in a neighborhood of a compact element of G. For a general 
regular element in Zg{S) in a neighborhood of a general element of G we use 
Casselman’s method to compute the character. 

Let P be a F-parabolic subgroup of G, N its unipotent radical and M a 
Levi factor of P. For a representation {p, V) oi G dehne 

V{N) := {v — 7i{n)v : v eV,n E N) 

and Vn ■= V/V{N). Now M acts on Vn via the action of M on V. The 
action of M on Vj^ is denoted by pm- The M-module (pm, Vn) is called the 
Jacquet module of V. 

For g E G we have the parabolic subgroup contracted by g: 

Pg := {p E G : {g"'pg~"' : n eN} is bounded} and 
Mg := {p E G : {g^pg~^ ■. n E'L} is bounded}. 

By |MS121 Proposition 2.3] Pg is a parabolic subgroup of G, Mg is a Levi 
subgroup and g is, viewed as element of Mg, compact. Roughly speaking by 
looking at the group Mg, the center of the group containing g is enlarged in 
such a way that g is compact modulo this enlarged center. 

Definition 16. Let g E G. We define the displacement function dg : Bf. ^ M. 
by dg{x) := d{x,gx). Let d{g) := inf^-gs^ dg{x). 

Let I be a line contained in A^. Let be the set of roots a of S' such 
that {a, ■) is constant on 1. Let Mi be the Levi subgroup of G generated by 
Zg{S) and the groups P„ for a E <Fz. 

Lemma 17. Let M be a Levi subgroup of a parabolic subgroup of G. Let S 
be a maximal split torus in M. 

The regular semi-simple elements in ^ZG{S)r\M are the regular semi-simple 
elements in ^Zm{S) fl M. 

Proof. If 7 G ^Zg{S) n M and 7 is regular, then Zm{'j) is a maximal torus 
of M. Since the ranks of G and M are the same, Zj^i'y) is also a maximal 
torus of G. Now ZGi'y) is a maximal torus of G, so ZgI'^) = Zm( 7 )- Take 
g E G such that 7 G ZG{gSg~^). Thus gSg~^ < Zg(j) = ZmIj)- Since 
gSg~^ is a maximal split torus of G, it is also a maximal split torus of M. 
Since M is reductive, maximal split tori in M are conjugated over M. So 
there is a m G M such that gSg~^ = mSm~^. Thus 7 G ZM{'fnSm~^). □ 
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The following is in the extended building. 

For the moment \ei g & G be non-compact modulo the center. Thus d{g) 7 ^ 0. 
Let I be a line in Be on which g acts by translations. Such a line exists by 
|DeBn2bl Lemma 3.4.4]. Let S' be a maximal split-torus such that / is in 
the apartment of S. By |DeBn2bl Lemma 3.4.4] Mg = Mi. So in particular 
S C Mg. Take x G /, then dg{x) = d{g). Let H = P[x,gx]- From the proof of 
|DeBn2bl Lemma 3.4.7] we see that 

d{gh) = d{g) for all h ^ H. ( 2 ) 

Lemma 18. Let h E H. The group Mgh is eonjugated with Mg by an element 
ofH. 

If moreover gh G Mg, then Mgh = Mg. 

Proof. Since h E H, d{gh) = d{x,gx) = d{x,ghx). By the proof of |DeBn2bl 
Lemma 3.4.4] there is a line I' such that the points {gh)"'x for n eTj are on 
This line lies in an apartment A'. Now [x,gx\ C / fl By |BT721 7.4.9] 
there is a. ho E H such that hoA = A'. In the apartment A (respectively 
A') there is only one way to continue the line segment [x, gx] namely I {I' , 
respectively). Since ho hxes [x,gx] and maps lines to lines, we have hoi = I'. 
So 

Mgh = Mi> = Mhj = hoMiho^ = hoMgho^. 

Assume that g' -.= gh E Mg. Since g' hxes x in Ba{Mg), g' is compact 
modulo the center of Mg. Because g' is compact modulo the center, if m G Mg 
then {g'^mg'~^ : n E Z} is bounded. So Mg C Mgi. Thus g E Mgi. Since g 
hxes X in Ba{Mgi), also Mgi C Mg. So Mgh = Mgi = Mg. □ 

Proposition 19. For every g E G there exists a constant C G M, such that 
for all semi-simple regular 7 G ^Zg{S) n gP[x,gx\'- 

|tr( 7 ,I/)| < G{ht{^)sd{-i) + 

Proof. If g is compact modulo the center we can use Proposition [151 
Assume that g is not compact, then d{g) 7 ^ 0 . 

Let H = P[x,gx] for a X G Be such that dg{x) = d{g). By conjugating g we 
may assume that g^x E Ae for all z E Z. 

Let Ng be the unipotent radical of Pg. Let (VNgyPNg) be the Jacquet 
representation of Mg for p. 

To indicate the diherence between the objects dehned for G and Mg the 
one corresponding with Mg are labelled by Mg, e.g. Be is the building of G 
and Be{Mg) is the building of Mg, DMg is the Harish-Chandra function D 
for Mg. 
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By |DeB02b| Lemma 3.4.4] is an apartment of Be{Mg) and the image 
of X in Ba{Mg) is a ( 7 -fixed point. 

Let 7 be a semi-simple regular element in ^Zg{S). 

Assume that 7 G Mg and 7 G gP^. By Lemma [T7I o' G ^^ZMg{S) DMg. Also 
7 G gP^nMg = gPx{Mg). Let P be a parabolic subgroup containing Mg and 
let N be the unipotent radical of P. By Proposition [T5] applied to (pat, I/at), 
there is a C G M such that for all such 7 with N = 

\tr{'^,VN^)\ < C{ht{^)sdMg{l) + l)"|PM3(7)rP 

This C can and will be chosen independently of P and A, since there are 
only hnitely many parabolic subgroups containing Mg. 

By Casselman |Cas77] tr{'y,V) = tr{^,VNg)- Thus for all 7 G Mg with 
7 e pP^, 

|tr(7, V)\ < C{ht{^Mg)sdMg{l) + l)”|PM,(7)r^- (3) 

Lemma 20. There exists a C & M>o such that for all semi-simple regular 
elements 7 G gPx H Mg one has < C'. 

Proof. We are going to construct a continuous function on Mg, which on the 
semi-simple regular elements 7 takes the value 

Pick a basis bi,... ,bn of g such that bi,..., fedimMg is a basis for trig. Let 
g' G Mg. Write the matrix ad{g') with respect to this basis. Let <p(p) be 
determinant of the submatrix of ad{g') in the lower right corner of dimension 
dimG — dim Mg. Then clearly p : Mg i-7 F is continuous. 


Let 7 be a semi-simple regular element in Mg. Notice that the dehnition 
of if is independent of the choice of a basis with the property that the hrst 
dim Mg basis elements are in trig. Since 7 is semi-simple regular, Py := Zci'y) 
is a maximal torus and contained in Mg. Choose as basis for g a basis for ty 
and the eigenvectors Uq, a G R{Mg,T.f), supplemented with the eigenvectors 
Up for all fd G P(G, Py) - P(Mg, Py). So 


P(7) = n ^ 

/3eR{G,Tj)-RiMg,T.y) 


Y\.a€R{G,T^) 1 “( 7 ) 

'n.aGR{Mg,T.y) 1 ~ “(7) 


Djl) _ 

DMg (7) 


Since p is continuous and gPx n Mg is compact, there is a C such that 


P(7)l 

PM„(7)I 


< C for all semi-simple regular elements 7 G pPj, n Mg. 


□ 
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Continuation of the proof of Proposition [7P1 Combining Lemma 1201 with the 
estimate of the trace ([ 3 ]), sdMg{,l) < sd{^) and ht{^Mg) < ht(<h) we get for 
all semi-simple regular egPxC Mg\ 

|fr( 7 , V)\ < C{ht{^Mg)sdMg{l) + lY\DMg{l)\~^ 

< C^/0{ht{^)sdY) + l)"|D(7)|-i 

Assume that 7 Zq{S) fl gP[x,gx\- There is, by Lemma ITHl a h G LT 
such that hM^h~^ = Mg. Now h'yh~^ G Mg and h'^h~^ G gPx, because 
h'yh~^x = h'fx = hgx = gx. Thus by dH); 

\tr{-f,V)\ = \tr{h'yh-\V)\ < CV^{ht{<!>)sd{h'jh-Y + lY\Dih-fh-Y\~^ 

= Cy/^{ht{<^)sdY) + lY\D{l)\~P □ 


6 An estimate for the Weyl integration for¬ 
mula 


Let T := ZcY) be the maximal torus containing 7 . Let n := dimAa- 
In this section we want to give an estimate of the Weyl integration formula. 
To be precise, we will show that for every / G C“(G) there exists a C G M 
such that for all semi-simple regular 7 G Zc{S) the following inequality holds: 



fig ^19)d9\ < C{ht{^)sdY) + 1Y\DY)\ 


1 

2 


For g ^ G dehne 


B{g) := {x G BeiG) \ dgix) = dig)}. 

Let g & G and x G B{g). We will hrst give an estimate in the case that 
/ := ^gPyx,gx]- Let 7 G Zg (S') n gPx,gx be a semi-simple regular element. By 
equation ([2]) ^( 7 ) = dig) = di'yx,x), so x E B^)- Tor simplicity we estimate 
the integral of instead of ^gPy^ g^y Let (j)M.y '■ BeiMy) BaiMy) be the 
canonical projection. 

The relation between the integral and points in the building is due to the 
fact that if lyp^{g~^'jg) = 1, then gx G 5 ( 7 ) C Be{My), since 

digx,'ygx) = digx,g'yx) = d{x,'yx) = ^(7). 

So we need to identify the elements in Gx fl ^(7). Or more precisely, the 
T-orbits in Gx n ^( 7 ), because we are integrating over T\G. To give an 
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upper-bound for the number of T-orbits in Gx fl - 8 ( 7 ), we look at -Ba,x( 7 ) = 
4’m^{Gx n Now consists of 7 -fixed points. After some techni¬ 

calities we get an upper-bound for the number of T-orbits of 7 -hxed points. 
This upper-bound can certainly be improved, since it takes the measure on 
T\G into account. 


Let F be the fundamental domain of T in Ae dehned by 


T := {x G Ae I Vf G T [(i(x, 0 ) < d{x, tO)]}. 


Definition 21. Let a; G A^ and z G Ba, then z is called above x if x is a 
vertex and d{x, z) < d{v, z) for all vertices n G A^. 

Let X + y & Ke he a vertex, with x G A^ and y E Y. Let z G B^. Then z 
is called above x + y and x + y is called below z if (f){z) is above 0(x) and 
d{z, X + y) < d{z, X -|- y’) for all y' G Y . 

Lemma 22. Let x + y, z + y' G Ag, with x,z E Aa and y,y' eY. If u{z + y') 
is above x + y for u E Lfx = Ux+y, then y' = y. 

Proof. Let y” eY . Since u E Ux = Ux+y", 


d{u{z + y'),x + y”) = d{z + y',x + y”). 

Now d{z + y\x + y") = {d{z, xY + d{y\ y"Y) ^. Therefore y = y'. □ 


Lemma 23. Let G and H be unimodular groups such that H is a closed 
subgroup of G. Let K be an open compact subgroup of G. Suppose that the 
measures of G, H\G and H are chosen in such a way that yniH P K) = 
yH\G{HK) = j+c!{K) = 1. Then, for any g eG, 


[HHK-.HnKngKg-^] 

^ [HDgKg-^ : HnKDgKg-^' 

Proof. See [RenlOl 11.3.9] for a proof of the existence of a G-invariant measure 
on H\G. 

/ lgK{hg)dh = / lgKg-Yh)dh = yH{gKg~^ H H). 

Jh J h 

Thus jjj lgK{hg')dh = yH{gKg-^ fl H)lHgK{g') for all g' E G. 

By the choice of the measure on H we have: 


piH{gKg-^PH) 


[gKg-^ nH :Kn gKg-^ n H] 
[KnH :Kn gKg-^ n H] 
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Since lgK{hx)dhdx = lgK{x)dx = ficigK) = 1, 

I lHgK{x)dx = — . / / lgK{hx)dhdx 

Jh\g f^H{gKg-^nH)JH\aJH 

[KnH :Kn gKg-^ n H] 

~ [gKg-^ nH :Kn gKg-^ n H]' 

Let K := P^. Take the measures on G, T and T\G as in Lemma [231 


L := {y E Be \ y is above a vertex of F}. 
:= {y e L \ y E Gx and y e 0m^(52)}. 

Lemma 24. J^^^l^p^{g-^-fg)dg < \L^\. 

Proof. We will prove the following inequalities: 



'^'fp.ig ^'ig)dg 


1P.(7 ^g ^7^)hT\G(^£/^[x,7x]) 

(;Gr\G/P[3._^2.] 


- g^T\GiTgP^)U{gx) 

geT\G/P^ 


w 

VI 

yT\GiTgPx) 

5E(T'nPx)\G/ Px 


w 

VI 

|(r n Px)gx 

3e(TnPx)\G/Px|gxGL^ 



L/fy 


Since for g' G we have 

'ygx = g^x 'jg'x = g''yx, 


( 5 ) 

( 6 ) 

( 7 ) 

( 8 ) 

(9) 


the function g l^p^{g~^'yg) is constant on double cosets T\G/P[x,jx]- 
Therefore we have equality l|S|). 

Dehne : -Be —t R by 


^x{y) 


1 3g E G[y = gx A'jgx = gjx] 
0 otherwise. 


Now lx{gx) = 1 if and only if there exists an h G gPx such that 1 p^ (7 
1. Also i-xiy) = ^xify) for all t E T. So 


Y1 ^^-(7 ^Ah)yT\G{ThP[x,^x]) 

hET\TgPx / 

< Y. Uhx)i,r,c(Thr 01 , 70 :]) lo: {gx)yT\G{TgPx). 

hET\TgPx / P[j:^~fx] 
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This gives inequality (|H]). 

For every coset Tg there exists a. g' G Tg such that g'x G L. If moreover 
lx{gx) = 1, then g'x G - 8 ( 7 ). So g'x G and inequality ([7]) follows. 

From Lemma 1231 and gPxg~^ = Pgx we get inequality ([8]): 


fJ'T\G(TgPx) 


^ [TnP^-.TnP,n gPxg-^] 

[9Px9~^ n T : T n n 9Px9~^] 

< [T n P, : T n P, n 9 Px 9 ~^] = I (T n P,)gx 


The group T n Pj; hxes Ag pointwise and commutes with 7 , so it acts on 
L^. So the sum in ([8]) is over the (TnPa;)-orbits in L^. Each orbit contributes 
to the sum the number of elements in that orbit. Thus the sum is the number 
of elements in L^. Therefore equality ([9]) holds. □ 


6.1 7-fixed points in the reduced building 

In this subsection we assume that 7 G Zg{S) is a compact semi-simple regular 
element of T. 

Dehne $ := <h(G, S) and $ := <h(^, T). Let p : l> —)■ <FU{0} be the canonical 
projection. Dehne n := dimAa. 

The goal of this section is to prove the following Theorem: 

Theorem 25. There is a c & M. such that for all vertices x G A^ and 7 G 
T n Po the following holds. The number of vertices fixed by 7 above x is 
bounded by c{ht{^)sd{'y) + 1 )”|P( 7 )|“ 5 . 

Let C* be a Weyl chamber of Aq with vertex 0, C the cone of C, A = 
{oi,..., an} the set of simple roots associated to C and the set of positive 
roots. 

Dehne for each simple root Oj a vertex Oj in A^ in the following way. Let F C 
A be the connected part of a* in the Dynkin diagram. Let (do := er 
be the longest positive root in the root system generated by F. Dehne a* to 
be the vertex in Aq such that aj{ai) = -ff-. 

Lemma 26. For a/D G {1,..., n} one has d{0, x+toi) > d{0, x) fort G M>o 
and X E C. 

Proof. Recall that d{0,x) = {x,x) = Since a{x) > 0 and 

a{tai) > 0 for all a G ^ 

Lemma 27. Let x E Aa be a vertex. Assume that for y = x + ^ 

X + C one has = aiiy — x) > ht{^)sd{j) + 1 for some i E {1,..., n}. Let 
uEU~nUx. If uy is fixed by'j, then d{uy, x + CiOi) < d{uy, x). So if uy is 
fixed by 7, then uy is not above x. 
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Proof. Let /9 G <1. Since uy is fixed by 7 , v{u_y) > 13{y) — ht{l3)sd{'y) |MS12|. 
Proposition 4.2], Let a G $■*■. Write 

u-a = n n 

/3ep“i(Q:) /3ep“i(2a) 

Now = niin{n(M_^) : f3 G p~^{a)}U {v{u_j^) /2 : f3 G p“^(2q!)}. The 
lower-bonnd for v{u-y) and I3{y) = p{{3){y) give that 

v{u_a) > o;{y) — ht{^)sd{'y). 

Now let a G $■*“ with a non-zero coefficient for cTj in the decomposition of 
a as linear combination of the simple roots in A. So a = Yl'j=i 
di > 1 . 

v{u_a) A «(|/) — ht{^)sd{'y) = a{x) -|- a{y — x) — ht{^)sd{pf) 

> a{x) + diUiiy — x) — ht{^)sd{^) 

> a{x) + di{ht{^)sd{'y) + 1) — ht{^)sd{'y) > a{x) + dt. 

For all a G one has v{u-a) > a{x), since u hxes x. Therefore with 
the previous inequality v{u-a) > a{x + CiOi) for all a G <F^. We conclude 
that u hxes x + CiOi. Hence 


d{uy, X + Citti) = d{y, u~^{x + CjOj)) = d{y, x + Citti) = d{y - CiOi, x). 

Since Ui > 1, y — CiOi & x + C. So by Lemma [2B] 

d{uy, X -|- CjOj) = d{y — CiOi, x) < d{y, x) = d{uy, x). 

Since akiciOi) = G N for all simple roots the translation y 1-7 y + CiOi 
is an automorphism of the apartment. So x -|- CjOj is a vertex in A^. □ 

For a G <F dehne to be the smallest r G M>o such that Ua^r 7 ^ h^Q,r+- 
For r G M dehne the a-ceiling as: I'r]^ := mm{z G n^Z | 2 ; > r}. 

Lemma 28. Let x G and y & C. There is a system of positive roots 
such that: 

—a{x) > —o.{y) and \—a{x)~\a > \fc{.C()~\a for all a G 

—a{x) < —(y{y) and f— q;(x)]c < \fc{.C()'\a for all a G —<F++ = <F 

Proof. First there is a construction of C <F, then it will be proven that 
it is a system of positive roots that satishes the requirements. For a G 
the following rules decide whether a G or —a G 
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If 0 < a{y) < Ua'. 

a{x) < a{y) ^ +a G 
a{x) > a{y) ^ —a G 

If 0 = a{y): 

a{x) < a{y) +a G 
a{x) > a{y) ^ —a G 

By definition of C one has \fc{(^)]a = tIq, if a G and 0 if a G 
First we check that the roots of satisfy the requirements: 

Certainly if a G then —a{x) > —a{y). 

Let a G 

If a G $■*■+, one has a{x) < Ha¬ 
lf a{x) < Ha, then \—a{x)'\a > 0 = \fci<^)~\a and \a{x)'\a < Ha = 
\fc{-a)^a■ 

If —a G one has a{x) > 0. 

If a{x) > 0, then \a{x)]a > Ua = \fc{-<^)]a and |“-a(x)]« < 0 = r/c(a)l«- 
Thus for a G d’"''’'", one has \—a{x)'\a > and for a G <F one has 

\-a{x)]a < \fc{a)]a- 

By definition of if —a{x) > —a{y), then a G 

Clearly the half of the roots are in d)’*'’'' and fl —d)'*’’'' = 0. Therefore 

it is now enough to show that if a, /3 G <Fand a + f3 G <F, then a + P E d’’*''''. 
Let a, {] E $■*■. Let i,j E {—,+}• Assume that one has ia + j(3 E ^ and 
ia,j{3 E Case by case it can be shown that ia + jf3 E d’"'''''. □ 

Theorem 29. Let y E Aa- 

Define 11 := {T C $ | T zs a system of positive roots o/*h}. Define for 
T G n the group as the group generated by Ua for a G T. Then 

B{G) = {ux : X E Aa,u E \ VQ,g$+ a{x) > a{y)}. 

$+en 

Proof. (See |MS121 §4.1]) Let x E B{G), choose a retraction p to centered 
in G. Take •h’'"''' a set of positive roots such that —a{p{x)) < —a{y) and 
\fp{x){cti))]a < r/c('a)la for OL G Let H be a chamber in whose 

closure contains p{x) and for a E <h one has |'/d(q:)]q, = \a{xf\a- Now 
r/c(«)la > \fp{x)la)]a = \fD{a)]a for a E <h". Therefore Ufi~ C Uf)~. 
Since Nq = Nd, one has Pc C U'^^Pd- Because Pc acts transitively on 
the sets of apartments containing G there exists a. u E such that x = 
up{x). □ 
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(Notice that with the same proof Theorem [22] holds with substituted 
by Ag.) 

Now we have all the ingredients to prove Theorem l25l 
Proof of Theorem [13 

Let X G Aa be a vertex and let z be a vertex above x hxed by 7 . 

According to Theorem [29] there is a positive root system and u G U~ such 
that z = uy with y E Aa and a{y) > a{x) for a G $■*■. Take A = {ai, ..., 
to be the set of simple roots of $■*■. Dehne for each root a, a vertex in A^ 
in the following way. Let C := {y E Aa : <y{y) > 0 for all a G $■''}. Hence 
y = X + X]r=i with n* G M>o. Since 7 hxes uy and uy is above x, 

according to Lemma [27] n* < ht{^)sd{'y) + 1 for all i G {1,... ,n]. Since 
dimAfj = n, there is a c G M such that for all 7 G T fl Pq the number of 
vertices in ?/ G A^ n (x + C) with ai{y — x) < ht{^)sd{'j) + 1 is bounded by 
c(hf(<l)s(i(7) + 1)"'. 

By Theorem [T] 

#{uy :uEU~ nP^\ juy = uy} < |P( 7 )|"i 

Therefore there is a c G M such that for all 7 G T fl Pq and all vertices 
X E Aa the number of vertices hxed by 7 and above x is bounded by 
c(hf(<l)sd( 7 ) + l)^|P( 7 )|-i □ 

Dehne the fundamental domain Fa for the action of S on A^ as follows: 

Fa := {x G Aa I Vs G S[d{x, 0 ) < d{x, sO)]}. 

For 7 G Zg{S) and w E Ba let 

-ha ,7 := {x G Gw I X is above a vertex in Fa and 7 X = x}. 

Corollary 30 . There is a c E M. such that for all semi-simple regular 7 G 
^G(^)nP^.- 

|La, 7 | <c(hf(l>)sd(7) + l)"|P(7)r" 

Proof. Let N eN he the number of vertices in Fa and C be the C of Theorem 
[271 Then c := NC will do. □ 

6.2 An upper-bound for the Weyl integral 

Theorem 31 . Let h E G and x E B{h). Then there zs a C G M such that 
for all regular semi-simple 7 G ^Zg{S) 

[ < C'(hf(<F)sd( 7 ) + l)”|P( 7 )|-i 

JZgP)\g 
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Proof. By conjugating h with a suitable element of G, x can be moved to Ag. 
Both sides are invariant under conjugation with G. So without loss of general¬ 
ity we assume that 7 G Zc{S). Dehne T := Zci'j)- If the integral is non-zero, 
there is a. g E G such that g~^'yg E hP[x^hx]- Then ^( 7 ) = d{g~^'yg) = d{h) 
by equation [21 Thus without loss of generality we assume that ^(7) = d{h). 


Since 7 G Zg{S) and x G Ae(S'), x E - 8 ( 7 ). Thus by Lemma [21] 



^19)dg< 



So it is enough to show that |L^| < G{ht{^)sd{'y) + l)'^\D{'y)\ 2 . 


Let M be a Levi subgroup, such that Zg{S) C M. Dehne 
Zg{S)m ■= {7 G Zg{S) I (i(7) = d{h),j is regular semi-simple and = M}. 

We will give an upper-bound for |L^| for all 7 G Zg{S)m- 

Lemma 32. Let x E Bf.{G) and let M a Levi subgroup. Then Gx fl 
consists of finitely many M-orbits. 

Proof. If the Lemma holds for M it also holds for gMg~^. Thus without loss 
of generality we assume that S C M. If gx E BfiM), there is an m G M such 
that mgx E Ag. Thus every M-orbit may and will be represented by a point 
in Ae- Let Fa be the fundamental domain of S in Ag. Then every M-orbit 
has at least one point in Fa- Since Fa is bounded and there is an r G M such 
that d{z, z') > r for distinct z, z' E Gx, there are only hnitely many points 
of Gx in Fa- So the number of M-orbits in G fl BfiM) is hnite. □ 

Recall the canonical map 0 m : BfiM) —)■ Ba{M). Dehne 
Lx^-/{M) := {y G (pM^Gx fl BfiM)) \ y is above a vertex of Fa and 'jy = y}. 
By Corollary [5U] and Lemma [521 there is a c G M such that for all 7 G Zg{S)m'- 

|Tx,7(M)| < c{ht{^M)sdM{'l) + l)”|-DM(7)rT 

Let Ym := BJZ(M)) = AJZ(M)). 

Then Ae(M) = A,(M) © Ym- 

Dehne ttm : BfiM) Ym by {g,x + y) i-7 {g,y), for x G Aa(M) and y E Ym- 
Dehne D := 7rM{Fa). 

Lemma 33. There is aco only depending on M such that |-L^| < co|La;_.y(M)|. 
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Proof. For 2 ; G define 


F{z) := (f)j^{z)PL^. 

Let z' G Aa{M), a G Aa{M) and u G Ua, such that 2 ; = uz' and z' is above 
a. Let V G ((>]^{z) fl L^. Then there is a ?/ G Ym such that v = u{z' + y). Let 
a + y' & Fa such that u{z + y) is above a + y'. By Lemma [22l then y = y'. 
Thus if n G 0 m ('^) ^ then u~^v G {z' + -D) fl Gx. 

Because there exists an r G M>o such that d{z, z') > r for all distinct z' G 
Gx, there exists a iV G N such that \{z' + 0)0 Gx\ < N for all z' G Aa{M). 
Thus |-F(^)| < N and the Lemma follows. □ 

Continuation of the proof of Theorem EH By Lemma [33] and Corollary 
l30] for all Levi subgroups M containing S, there is a Gm G K>o such that for 
all 7 G Za{S) with ATj, = M\ 

\L^\ < GM{ht{^M.y)sdM^{,'l) + 1)"'|-Dm.^(7)I 

By Lemma j^U] and the fact that there are only finitely many Levi subgroups 
containing S there is a G G M such that for all 7 G Zc{S) with ^( 7 ) = d{h): 

|L0 <G(ht(l>)sd(7) + l)"|D(7)|-i □ 

Proposition 34. Let f G G“(G) and let 00 <Z G be a compact subset of G. 
Then there exists a G G M such that for all 7 G Zg{S) fl cu 


'Zg+)\G 


f{9-^09)d9\ < G{hmsd{^) + 1)"-^“|Z}(7)| 


1 . 

2 


Proof. Let hi C G be a compact subset. Let T := Zg{o)- Then there are 
9i,---,9m ^ G and Xi,...,Xm G such that dg^{xi) = d^gf) and hi C 
[JT=i9iP[xi,9iXi]- Therefore 



^'19)d9< 



^9+1.,.,,. Ad A9)d9- 


So it is enough to give an estimate for ^19)d9- 

Take hi E G such that Xi G hjAe(S'). Now apply Theorem [SD to x G 

A^{hSh-^) and 7 G Zg{S) C ^ZG{hSh-^). 

Since G)P(G) is spanned as C-vector space by the with hi a compact subset 
of G, the proposition follows. □ 
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Local summability of the character on 

{S C T) 


In this section we combine the upper-bonnds for the Weyl integration formula 
and for the character of the representation to show that the character is 
locally summable on for a maximal torus T containing a maximal split 
torus S. It turns out that it is enough to show that is locally summable 
on T. Inspired by Harish-Chandra |HC701 Lemma 43] we show that even 
sd'^\D\~^ is locally summable on every maximal F-torus T of G for some 
e > 0 depending on T. 


7.1 Local summability of sd^\D\ ^ on T 

In the hrst part of this subsection T is an arbitrary F-torus (not necessarily 
contained in G). 

Integrating a function in a small neighborhood of the identity in a F-split 
torus can be translated to integrating a function in a small neighborhood of 
0 in a F-vector space. Just apply the map e : O ^ , e(a) ;= 1 -|- ira. If 

X G X*{T), then integrating the function |x(f) —1|“^ in a small neighborhood 
of id, becomes integrating |(1 -|- irx)'^ ~ over a small neighborhood of 0. 
To study the integral |(1 + nx)^ ~ over O, we want to have an estimate 
for the measure of 


Or '.= {x e O \ n((l -I- nx)'^ — 1) > t} 
in O. For this we study hrst 

Orif) ■.= {xeO\ v{f{x)) > r} 

for a polynomial / G 0[x\, with / 7 ^ 0. In the case that T is not an F- 
split torus there is in general no polynomial bijection between G™ and a 
neighborhood of the identity. However, we are able to construct a surjective 
map from Gg to T for some Galois extension E and compact subgroup T of 
T, using a generalised norm map A^e/f : T(E) —r(F). This gives rise to the 
study of the measure of 

0:{f) := {x G G" I v{f{x)) > r} 
in G" for a polynomial / G GE[a;i,..., xd\, with / 7 ^ 0. 

For / G F[xi,..., Xn], write / = EaGN" ^(a) xl\ 

Dehne m* := max{/ G N | 3a G N"'[ai = I and c(a) ^ 0]}. 
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Define ruf := maxjmj. 

Thus ruf is the highest number that occurs as a power of any Xi in the 
expression of /. 

Thus for f{xi, X 2 ) := xix^ + 2 : 1 X 2 + 2 we have mi = 1, m 2 = 3 and m/ = 3. 
Lemma 35. Let E/F he a finite field extension. 

Let f G C>e[xi, ..., Xn] and / 7 ^ 0. There exists a C E M>o such that for all 
r G Q and N Efi with N > r: 

6 iOr/ir''Orr I «(/W) > r}| < CN’-V^. 

Proof. Since / G C>e[xi, ... ,x„], to ask for x G (O/tt^O)'^, whether n(/(x)) > 
r makes sense if iV > r. 

We prove this lemma with induction on n. 

Assume that n = 1, so /(x) ;= YlT=i with 7 ^ 0. Take ai,..., in 
an algebraic closure of E such that /(x) = Om YYiLi{.x — 

Assume that v{f{x)) > r. Then for some i, v(am) + mv{x — CTj) > r. Thus 
vix — ai) > — 

So the number of x G such that n(/(x)) > r is bounded by 

Y r-v{am) 

mq rn . Hence 

^|{x G I x(/(x)) > r}| < mg"" 

Assuming that we know the Lemma for n, we will prove the Lemma for 
n + 1. 

Let m := mj. Without loss of generality assume that m = m^+i. Take 
go,-■-,9771 e C>e[xi, ...,Xn\ such that / = Then g™ 7 ^ 0 and 

m > '^gm- Now we apply the induction hypothesis on gm- Take a C G M>o 
such that for all r G Q and N eN with N > r, 

e (Or/n’^Otr I viMx)) > r}| < CiV”-‘g-=ir. 

Dehne the following sets 

Vr := {x G (O/tt^O)"" I v(gm(x)) = rj, 

Or,s ■= {x G (C>/ 7 r^C>)”+^ I v(gm(xi ,... ,Xn)) = s and n(/(x)) > r}. 

Dehne, for xi,..., x^ G O/ti^O and r G Q, the set: 

Uxi,...,x^,r ■= {x G O/tI^O I v{f{xi, . . .,Xn,x)) > r}. 
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So 

Or,s = {a: e (C>/7r^C>)"+^ | (xi,... ,x„) G K and Xn+i G 
By the proof of the lemma in the case n = 1 we have 


II ^ TTIQ 


N- 




whenever v{gm{xi ,..., x„)) < N. 

Let Xi,... ,x„ G O/ti^O, such that • • • ,a;„)) = s < N. Then 


^j^f\Uxi,...,Xn,r\ ^ TXiq 

By the induction hypothesis on we have 

1 


|K| < CN^-^q ’ 


q 


nN 


Thus 




^(„+l)^|-r,.| ^(n+l)V 


xgVs 


X&Vs 
n—l~ 


q 


nN 


\Vs\mq ni <CN^ q '^smmq 


Let e be the ramihcation index of E/F. So 
1 

q{n+l)N 

1 eAf—1 ^ 

<—^ine(C>F/jr''C>rr+‘ |t>(9™(^......^n))>iV}|+ ^ 


|{x 6 (0,/;r™0,)”+‘ I v(f(x)) > r}| 


q 


{n+l)N I 


i=0 


q 


1 eV 1 , 

< ^|{X 6 I f(fc(i)) >n]\+Y, 


- qnN 


i=0 


q 


eN-l 




q 


i=0 


< + eNmCN'^-^q-^ 

< 2emCN'^q~^. 


□ 
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Let E/F be a finite Galois extension snch that T is E-split. Define the 
fnnction 7 Ve/f : T(E) —)■ T(F) as follows: 

a&Gal(E/¥) 

Since T is Abelian, A]e/f(^) is invariant nnder the Galois action. Hence the 
image of Ae/f lies in T(F). The gronp Gal(E : F) acts on X*{T) by 

:= a{x{(T-\t))). 

Let m = dimT and n = [E ; F]. 


Let xi,..., Xm be a basis for X*(T) and Xi,, Xm the dnal basis for 
A*(r). Parametrize T(E) by (E^)"' —)■ T(E); 

m 

a 1-4 Aj(a). 

i=l 

Define K := {nr=i ■ ai e I + nOe.}. 


Take a G E snch that = Opia]- 
Define a* := for i = 1,..., n. So 

n 

'Y^aiOii G tt^Oe ^ Vi [a* G Tr^Op]. 

i=l 

Write E as F-vector space with basis 1, 0 : 2 , • • •, For a G E™', we define, 
for 1 < i < m and 1 < j < n, the elements G F to be the coordinates of 
tti with respect to this basis. Thus 

n 

(Xi ^ ^ (XijO-i. 

i=i 

Define p : — 0)"* —)■ T(E) by: 


P(a) := WXii^aijaj). 

i=l j=l 


Lemma 36. Let x £ X*(T). There exist f,gE Oe[xii, ... ,Xmn], such that 


X o Ne/e o p(a) 


/(a) 

9{a)' 


Moreover i/p(a) G K, then f{a),g{a) G O^. 
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Proof. Let a G E^, then 


X o Ne/w o Xi{a) = JJ x{(^{Xi{a))) = JJ (T{ay% 

o-GGal(E/F) creGal(E/F) 

where = (cr“^ • x,Xi). An antomorphism a G Gal(E/F) is, with E viewed 
as E-vectorspace with basis 1, a 2 , ■ ■ ■, an, a polynomial map: 

n 

Xn) ■= ^ (T{ai)xi. 
i=l 


Then for a = with a* G E we have 

• • • 5 ^n) 


Since a G Oe also a (a*) G Oe for i > 0. Therefore G Oe[xi, ..., x„]. 
Thus 


X O A'e/f o ajaj) = JJ 5(<^(ai,..., 

i=l o-gGal(E/F) 


fi (Gi ) • • • ) Gn) 
9i (®1 , ■ ■ ■ , Gn) 


where fi, gt G Oe[xi, ..., x„]. The hrst part of the lemma follows. 

If a G 1 + 7rC>E, then cr(a) G 1 + 7rC>E for all a G Gal(E/E). Thus if p(a) G iL, 
then/(a), 5 ((a) G C>|. □ 

FixxGX*(T). 

For r G -M dehne 

e 


Kr := {fc G iF : v{x ° AE/F(fc) - 1) > r}. 
Then JG is a compact open subgroup of K. 

Lemma 37. There exist ci,C 2 G M>o such that 


1 

[K : Kr] 




for all r G 

Proof. Take /, (? G Oe[xii, ..., Xmn] as in Lemma 1361 


Since the elements of T(E) are invariant under the Galois action: 

X o AE/F|r(F) = ''^xIt(f)- 
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Since T(F) is Zariski dense in T, there is a t G T(F) such that nxit) ^ 1. So 
there is a t G T(F) such that x ° -^e/f(^) 7 ^ 1- Thus 7 ^ 1. 


Let e : C>e —> 1 + ttOe by e(a) ;= 1 + vra. 
Let p' : (O^)"^ —>■ K dehned by 


P'(a) := 

i=i j=i 


Then p' is a bijection. Now 


X o N'e/f o p'(a) 


^(f)(a) 


where -0 : E[xii,..., x^n] —t E[a:ii,..., Xmn\ is the automorphism dehned by 


I TTXij otherwise. 

The bijection p' gives a set corresponding to K^. in 

(0,”)r := v’-\K,) = {a € (OJ)” | v (||^ “ l) > r). 

Since for all x G (Of)"*; i’{g){^) ^ we have 

Dehne h(x) := 'ip{f){x) — 'ilj{g){x), then h G Oe[3^ii, • • • ,Xmn\ and 


{O^r = {ae ((Of)")*" I v{h{a)) > r}. 

Dehne := {11^=1 ^*(®i) '■ CLi El + tt^Oe}. 

Now p'(a)iL^^^ = p'(a')iL^^^ if and only if = ah mod tt'^^^Of- Let 
N >r, then < K^. Thus 


1^7^ = e (Of/tt^-^Of)*"" I v{Kx)) > r}|. 

By Lemma [321 there exists a C such that for all r and N with N > r, 

^\{x G (Of/tt'^Of)*"" I n(h(x)) > r}| < OiV"— 

Take = [r] + 1. Thus < 0(|'r] + □ 
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Define T := N^/f^K). Since K is compact, T is a closed subgroup of 
T(F). We have T < K. Let T, := {s e T | n(x(s) - 1) > r}. Define 
r(F), := {t e T(F) : n(x(t) - 1) > r}. 

Lemma 38. [K : Kr] = [T : T^] < [T(F) n K : T(F)^ n K], 

Proof. Since N^/r : TL —)■ T is surjective, 

[T:T,] = [iL:iL,keriVE/F]. 

If /c G keriVE/F, then x o -^e/f(^) = x(l) = 1- Thus keriVE/F < Kr. So 
A',keriVE/F = Kr. Thus [K : Kr] = [T : T,]. 

Since T < T(F) n K and T, = T(F), n AT n T, 

[T : T,] < [T(F) n a: : T(F),n AT], □ 

Proposition 39. There exists an e > 0 such that \x{t) — 1|~^ locally 
summable on T(F). 

Proof. Let to G T. If x(^o) 7^ then |x(t) — 1|“^ is constant on a neighbor¬ 
hood of to- Thus in particular \x{t) — 1|~^ is locally summable around to. 
Assume that x(fo) = 1 and \x(f) ~ < oo for some open compact 

subgroup K < T. Since x(fot) = x(f) for t E K, 



\x{t) - 1| ^dt 



\x(f) “ 1| ^dt < oo. 


So then \x{t) —1| is locally summable around to. Thus it is enough to show 
that for some open compact subgroup K 


'xnr(F) 


\x(t) ~ 1| ''dt < oo. 


Take K as before. Change p such that /i(T(F) OK) = 1. Take ci, C 2 G M>o 
as in Lemma 1371 Then 


« CX) OO 

/ \x{t)-M~'dt 

J Kr\T(¥) r.—n ^—n 


s=0 
oo 

s=0 


s=0 


Cl _ J_ s 

(7 ‘=2 e = 


[K : Ki 

oo 

EC 


s=0 


(e- —)- 


where the second inequality is due to Lemma [3H1 The last sum converges if 
e < T. □ 


C2 
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From now on T is a maximal F-torus in G. Let R{G, T) be the roots of 
T and G. Define 

M := max max(a,Xj). 

aeR(G,T) i=l 

Corollary 40. Let a G R{G,T). The function |a(t)—11“'^ is locally summable 
on T(F) forcKj^y 

Proof. By the proof of Proposition [39l if e < ^ for the C 2 of Lemma [371 
the function |Q!(t) — 1|“^ is locally summable. The C 2 of Lemma 1371 is equal 
to m/j, where h = '0(/) — fhe g and / of Lemma [371 Therefore 

mh < ma.x{mf,mg). The proof of Lemma [36l shows that 


■■■ ,x 


mn 


m 

i=l 


m 

9 (^11) ’ ’ ’ ) ^mn) 9i {.^il ) ' ' ' ) ^in) ■ 

i=l 


Thus rof = max™ ^ ruf. and nig = max™ 
The fi and Qi are such that 


a o 7 Ve/f o ajaj) = JJ g^{ai,..., OnY^’' 

j=l (TeGal(E/F) 


• • • ) 

9i (®1) • • • ) ®n) 


with = (cT C a,Xi). Therefore 


max{mf.,mg.) < ^ \ziY < [E ; F]M, 

creGal(E:F) 

since ■ a G R{G, T) for all a G Gal(E : F). Thus 

nih < max(m/-,mg) = max(maxm/., maxm^J < [E : F]M. □ 

i=l * i=l ' 

Lemma 41. Let X be a space with measure fi and let f : X ^ M>o and 
g : X ^ E>o- Assume that and g~'' are locally summable if 0 < e < Co- 
Then {fg)~'^ is locally summable z/0 < e < y. 

Proof. If f~'^ is locally summable for all e < Co, then (/^)“^ is locally summable 
for all e < Y- Thus and g~'^ are locally square integrable for all e < y. 
Then {fg)~'^ is locally summable for all e < y. □ 

Theorem 42. If e < then |D(f)|“'^ is locally summable on T. 

Moreover if e < , then, for alln G Z>o, the function sd^'jYlD^YY'^ 

is locally summable on T. 
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Proof. That \D{t)\ Ms locally summable on T for 0 < e < 2 ifl(G,T)i-ijv^[E.]p] 
follows from the Corollary HU] and Lemma HU 

First we show that sd^ is locally summable for all n G Z>o. 

Let to G T. If a (f) 7 ^ 1, then sda is locally constant on to and hence sd” is 
locally summable around to- 

If a(to) = 1, then let U := a~^{0) be a neighborhood of to- So it is enough 
to show that sdJf is locally summable in U. 

By Proposition [39] there is an e > 0 such that |Q!(f) — is locally 

summable on T. Since {ait) — 1|~^ = jf y(^a{t) — 1) > 0, there is a 

G N such that sda{t)'^ < N\a{t) — for all t E U. Thus sdaifY is 

locally summable on U, since N\a{t) — 1|“^ is. 

If 0 < e < 2 \R(g,t)\m[e-¥] ’ is locally summable by the hrst 

statement of this Theorem. Since sda{t)"' is locally summable for all n G Zi>o, 
also sdifY'^ is locally summable for all n G 1>>o. Thus sd(t)^\D{t)\~'' is locally 
summable for 0 < e < 2 ifl(G,T^ijvf[E.]F] i because sd{tY^ and \D{t)\~^'' are locally 
summable. □ 

In the case that char F = 0 and e is small, Theorem 02] has been proven 
by Harish-Chandra in [HC701 Lemma 43]. 

7.2 Local summability of the character 

Lemma 43. Let u G G be compact and T a maximal torus. Then ^u: fl T 
is contained in a compact subset of T, i.e. is bounded. 

Proof. Assume that T is F-spIit. 

Let d : G —?■ M be the displacement function of Bg. 

CLAIM: For each r G M the set {f G T | d{t) < r} is bounded. 

By the proof of [BT721 Proposition 7.4.25] there is a retraction p : ^ Ag 

dehned hy y = up{y) for some u G U~^. Now p is T-equivariant: 
tux = tut~Hx, so p{tux) = tx = tpiux). Thus 

d{x,tx) = d{p{ux), p(tux)) < d{ux,tux). 

Thus d{t) = d{tx,x) for x G Ae(T). Therefore d{t) = d{v{t),0). Since 
there are only hnitely many points x G TO with d(x, 0) < r, the set 
{f G T I d{t) < r] is bounded. 

The function g i—)■ d{g) is a continuous class function, see |MoyOO| and 
|DeBn2b[ Lemma 3.4.7]. Thus the image of is compact in M. So n T 
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is bounded. 


Now we go to the general case: 

Let E be a field extension of F such that T is E-split. Since n T(E) is 
bounded and *^0; fl T C n T(E), also *^0; fl T is bounded. □ 

If uj is compact modulo Z{G), then ‘^wflT is also compact modulo Z{G). 
This could be proven in the same way as Lemma 031 by the displacement 
function on the reduced building. There is in this case a more elementary 
proof using g 1 —)■ det{ad{g) — x), see |HC7ni Lemma 39]. 

Proposition 44. Let T be a maximal torus of G containing a maximal split 
torus S. The function'y ^ {ht{^)sd{'y) + is locally summable 

on for small e > 0. 

Proof. (See |HC7ni VII,§1]) Let a; C G be compact open. By the Weyl 
integration formula and Proposition [34l 


I Gfp 


lUg){hmsd{g) + ir\Dig)n-^dg 


= |iy| / \D{t)\ / l^{g tg){ht{^)sd{g tg) + l)^\D{g tg)\ 2 ^dgdt 
Jt Jt\g 

= |fT|-' [ \D{t)\ [ U9-Hg){hmsd{t) + ir\D{t)\--^-^dgdt 
Jt Jt\g 

<C [ ln{t)\D{t)\kht{^)sd{t) + ir+^\D{t)\--2-^dt, 


Jt 

where C T is compact and ^(ci;)nT C (see Lemma 1431) . The right-hand- 
side is finite by Theorem l42j □ 


Theorem 45. Let (p, V) be a G-representation of finite length with character 
9 and f G Gf°{G), then for every torus T containing S: 



f{ 9 ) 0 {g)dg < 00 . 


Proof. This follows from Propositions [19] and jUJ 


□ 


The following Corollary has already been proven by Van Dijk in |Dij72 
Theorem 3] by other means. 


Corollary 46. Assume that G is quasi-split. Let x be a representation 
of T := Zc{S) of finite length. Then the character of ind^{x) is locally 
summable. 
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Proof. Since G is quasi-split, T is a maximal torus. Let 7 be a regular 
semi-simple element not in ^T. Let K < G he a. compact open subgroup 
such that 'jK C ^Zci'y) (see |MS12[ Lemma 6.5] for a specihc K). Let 
Ko ■= K n 7iL7-^ then Ko-fKo C -fK ^0(7). Thus n Ko^/Ko = 0- 
So for every open compact subgroup K' C Ko we have TgK' nTgK''yK' = 0 
for all g E G. Since the character of indf^x is supported on 

tr{ind%{x){eK’ * 7 * e^O) = 0. 

Hence the character of the induced representation is zero on the regular semi¬ 
simple elements outside . Now apply Theorem 051 □ 


8 Future work 

This article is based on the study of hxed points in the reduced and extended 
building of compact regular semi-simple element in the centralizer of a max¬ 
imal split torus. The understanding of the distribution of these hxed points 
gives the estimates for the character of an admissible smooth representation 
and the Weyl integration formula. In the last chapter we saw that both 
upper-bounds are small enough to prove that the character of a hnite length 
representation is locally summable on ‘^T, for T containing a maximal split 
torus. 

A study of hxed points for general regular semi-simple elements should 
lead to similar estimates. We hope that these upper-bounds can be chosen 
small enough to prove that for every maximal torus T the character is lo¬ 
cally summable on ‘^T. In the case that there are hnitely many conjugacy 
classes of tori the locally summability of the character follows from the lo¬ 
cally summability on . However in positive characteristic there could be 
inhnitely many conjugacy classes of tori. In that case the estimates should 
be synchronized in some way. 

In the last section we introduced a generalization of the norm map Ae/f : 
T(E) —>■ T(F). It would be interesting to see whether this map has analogous 
properties as the regular norm map. In particular whether the norm map is 
open and whether [T(F) : Ae/f(T(F))] < 00. 

9 Appendix 

In this appendix we give a proof of the Weyl integration formula: 
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Theorem 47 (The Weyl Integration Formula). Let G be a p-adic reductive 
group, T a maximal torus of G and W = Ng{T)/T its Weyl group. Assume 
that the measures on G, T and G/T are such that for all f G G^{G): 



f{gt)dtdg*. 


Let f G Gf°{G), then 


[ f{9)dg = [ [ fiatg ^)dg*dt. 

JGT \W\ Jrp jQ/rp 

The Weyl integration formula is a well-known result in the theory of 
reductive groups. However the author could not hnd a ’’spelled out” proof 
of the formula for the p-adic case in the literature. Harish-Chandra |HC7ni 
Lemma 42] mentions that (in the characteristic 0 case) the proof is the same 
as in the real case. The proof in the real case depends on the substitution rule 
from the theory of analytic manifolds. For the readers, that are not quite 
familiar with analytic/differential geometry, we give a couple of references 
and results, before we start proving the Weyl integration formula. 

We refer to |Ser65j for the dehnitions of an analytic manifold and of a 
tangent space in a point. 

Since G(F) is Zariski-dense in G and G is an affine linear algebraic group, 
we have an analytic structure on G(F), by |PR,941 §3.1]. 

For the integration on the group G we refer to |PR,941 §3.5]. The G-invariant 
measure on G can be dehned as follows: Let oj G l\f'Tf{G) with cu 7 ^ 0, then 
dehne ujg := L*_iU]. The map g Ug is & G-invariant n-form on G and leads 
to a G-invariant measure. 

Let H be an analytic submanifold of G. There is an unique analytic 
structure on the quotient G/H making tt ■. G ^ G/H into a submersion by 
|Ser651 LG §4.5]. Now G is a so-called right principal Ff-bundle over the 
base G/H, |Ser651 LG §4.5, Theorem 6 ]. In particular there is for every 
b G G/H an open set Gb and an analytic isomorphism r : 7i~^Ub Ub x H, 
such that t{x) = {7r{x),(j){x)). The function r is called the local trivialisation. 

As shown in |DK001 §3.13] we can choose the differential forms on G, 
G/T and T in such a way that 

[ fi9)dg = [ f f{ 9 t)dgdt. 

Jg JtJg/t 
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Ifr: 7 r ^f/—)-Txf/isa local trivalization, then 


T-^U 


f{9)dg = 



/(r {u,t))dgdt. 


U JT 


Proof of Theorem fl. The proof of [DKOOl Theorem 3.14.1] in the real com¬ 
pact case works in this case as well. We only take a different dehnition of 
the snbspace q. It has to be a Ad{T)-stab\e F-linear subspace of 0 , which 
is complementary to t. When the characteristic of F is zero, the resulting 
subspace is the same. 

The Lie algebra t of T has a complementary y4(i(T)-invariant space q 
dehned over F. We dehne q ;= 0„ei^(G'T) Then q is y4(i(T)-invariant. If 
T is F-split, then clearly Qq is dehned over F and hence also q is dehned over 
F. Take E a Galois-extension of F such that T is E-split. Let T ;= Gal(E : F). 
Since T is E-split, q and 0 ^ are dehned over E. Thus q is dehned over F if 
and only if it is T-invariant. Let x G 0 q,, then for all 7 G T; 

= 7(a(7"^(f))x) = 7(a(7“^(f)))7(x). 

Thus 7 (a( 7 “^(-))) G R{G,T), hence 7 ( 0 ;) G q. □ 
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